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I 

^ Abstract 

^^ We analytically compute correlation and response functions of scalar operators 

^ for the systems with Galilean and corresponding aging symmetries for general spatial 

(^ dimensions d and dynamical exponent z, along with their logarithmic and logarithmic 

^ squared extensions, using the gauge/gravity duality. These non-conformal extensions 

.• of the aging geometry are marked by two dimensionful parameters, eigenvalue Ai of 

C^ an internal coordinate and aging parameter a. 

,_^ We further perform systematic investigations on two-time response functions for 

^ general d and z, and identify the growth exponent as a function of the scaling dimensions 

k>< A of the dual field theory operators and aging parameter a in our theory. The initial 

5-^ growth exponent is only controlled by A, while its late time behavior by a as well 

as A. These behaviors are separated by a time scale order of the waiting time. We 

attempt to make contact our results with some field theoretical growth models, such 

as Kim-Kosterlitz model at higher number of spatial dimensions d. 
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1 Introduction 

Non-equilibrium growth and aging phenomena are of great interest due to their wide ap- 
phcations across various scientific fields of study, including many body statistical systems, 
condensed matter systems, biological systems and so on [I]-|l]. They are complex physical 
systems, and details of microscopic djTiamics are widely unknown. Thus it is best to describe 
these systems with a small number of variables, their underlying symmetries and correspond- 
ing universality classes, which have been focus of nonequilibrium critical phenomena. 

One particular interesting class is described by the Kardar-Parisi-Zhang (KPZ) equation 
[5] [3]. Recently, this class is realized in a clean experimental setup [6] [7j, and their exponents 
for one spatial dimension d = 1 is confirmed: the roughness a = ^, the growth b = | and the 
dynamical z = ^ exponents. Along with the experimental developments, there have been also 
theoretical developments in the context of aging. The KPZ class reveals also simple aging 
in the two-time response functions [8] [9]. In these works, it is shown that the autoresponse 
function of the class is well described by the logarithmic (log) and logarithmic squared (log^) 
extensions of the scaling function with local scale invariance for d = 1. 

In a recent paper [TU] based on [H] [12], we have considered log extensions of the two-time 
correlation and response functions of the scalar operators with the conformal Schrodinger 
and aging symmetries for the spatial dimension d = 2 and the dynamical exponent z = 2, in 
the context of gauge/gravity duality [13] [H] . The power-law and log parts are determined 
by the scaling dimensions of the dual field theory operators, the eigenvalue of the internal 
coordinate and the aging parameter, which are explained below. Interestingly, our two-time 
response functions show several qualitatively different behaviors: growth, aging (power-law 
decaying) or both behaviors for the entire range of our scaling time, depending on the 
parameters in our theory |10j . 

We further have made connections to the phenomenological field theory model [5] in 
detail. The two-time response functions and their log corrections of our holographic model 
[To] are completely fixed by a few parameters and are valid ioi z = 2,d = 2, while the field 
theory model [8] has log^ extensions and is valid for z = |, c? = 1- Closing the gap between 
these two models from the holographic side is one of the main motivation of this work. 

In this paper, we generalize our analysis [TU| in two different directions: (1) by applying to 
general dynamical exponent z (not conformal) as well as to any number of spatial dimensions 
d and (2) by including log^ corrections in two-time response functions. In q2| we first 
analytically compute the correlation and response functions for general z and d along with 
their log and log^ extensions. Then we add the aging generalizations of our non-conformal 
results in ^ We try to make contact with KPZ class in ^ and conclude in ^ 



2 Logarithmic Galilean Field Theories 

Logarithmic conformal field theory(LCFT) is a conformal field theory(CFT) which contains 
correlation functions with logarithmic divergences^ They typically appear when two primary 
operators with the same conformal dimensions are indecomposable and form a Jordan cell. 
The natural candidates for the bulk fields, in the holographic dual descriptions of LCFT, of 
the pair of two primary operators forming Jordan cell are given by a pair of fields with the 
same spin and a special coupling. After integrating out one of them, it becomes the model 
with higher derivative terms. 



The AdS dual construction of the LCFT was first considered in [TZ][T8][T9] using a higher 
derivative scalar field on AdS background. Recently, higher derivative gravity models on AdS 
geometry with dual LCFT have got much attention, starting in three dimensional gravity 
models [2n]-[21]- In four and higher dimensional AdS geometry, the gravity models with 
curvature-squared terms typically contain massless and ghostlike massive spin two fieldsjj 
When the couplings of the curvature-squared terms are tuned, the massless and massive 
modes become degenerate and turn into the massless and logarithmic modes ^B]- This, 
so called, critical gravity has the boundary dual LCFT which contains stress-energy tensor 
operator and its logarithmic counterpart. 

More recently, studies on generalizations of LCFT in the context of AdS/CFT corre- 
spondence [13] [H], in particular the correlation functions of a pair of scalar operators, have 
been made in two different directions. One is on the non-relativistic LCFT. In [22] the dual 
LCFT to the scalar field in the Lifshitz background has been investigated. The study on the 
dual LCFT to the scalar field in the Schrodinger and Aging background was made in [12]. 
The other is on the LCFT with log^ divergences. Correlation functions with log^ corrections 
have been investigated in several works. In the context of the gravity modes of tricritical 
point, they are interpreted as rank-3 logarithmic conformal field theories (LCFT) with log^ 
boundary conditions [30]. Explicit action for the rank-3 LCFT is considered in [31]. See also 
a recent review on these developments in [32] . 

In this section we would like to accomplish two different things motivated by these de- 
velopments along with those explained in the introduction. First, we compute correlation 
and response functions for AdS in light-cone (ALCF) and Schrodinger type gravity theories, 
which are dual to some non-relativistic field theories with Galilean invariance for general 
dynamical exponent z and d. 



^ See, for example, [T3][T2] for the reviews on LCFT. 

^By imposing an appropriate boundary condition for the ghost-Hke massive mode which faUs off more 
sfowly than the massless one, it was argued in |2S][5B]|57] that the theory after the truncation becomes 
effectively the usual Einstein gravity at the classical but nonlinear level. 



Second, we generalize our correlation and response functions with log^ as well as log 
contributions for z and d. The log correction has been investigated in pjOj in the context 
of Schrodinger geometry and Aging geometry for d = 2 and ^ = 2 as mentioned in the 
introduction. 

We first consider the ALCF [33] [31]. Due to several technical differences, we present our 



computations in some detail, building up correlation functions §2.1.1[ their log extensions 
^2.1.2 and log^ extension ^2.1.3 For Schrodinger backgrounds [3B][3S], we comment crucial 



differences in ^2.2.1 And then we present the correlation functions for z = 2 in ^2.2.2 and 



for z = 3/2 in ^2.2.3 We summarize our results in ^2.3 



2.1 ALCF 

Let us turn to the AdS in light-cone (ALCF) with Galilean symmetry studied in 

The case for general z is also considered in [37] for zero temperature and in [38] for finite 

temperature. The metric is given by 



ds' 



, dx^ — 2dtd^ + dv?- 



u^ 



(1) 



which is invariant under the space-time translations Pj, H, Galilean boost Ki 



X ^ X — vt , ^ ^ $, + - {2v ■ X — v^t) , 



scale transformation D, 



2-z, 



t ^ XH , f -)■ Ax , u ^ Xu , ^ -)■ A ^^ 



(2) 



(3) 



and translation along the ^ coordinate, which represents the dual particle number or rest 
massjj The geometry satisfies vacuum Einstein equations with a negative cosmological con- 
stant. The finite temperature generalizations of the ALCF for z = 2 and d = 2 have been 
considered in 



^ Apparently there exists another symmetry transformation, which is the following special conformal one 
for general z, 



t^ 



t 



X -^ 



e^^ 



c X ■ X + r 



1 + ct l + ct l + ct ^ ^ 2 l + ct 

It turns out that this does not provide a closed algebra with other symmetry generators for z ^ 2. 



(4) 



2.1.1 Correlation functions 

We compute correlation functions of the geometry ([I| by coupling a probe scalar. 

//•oo 
d^+^x / duy/^ {d^^ dM(t> + m^ 0) , (5) 

where K is a. coupling constant, and M,N = u,t,^,x. We use ub for our boundary cutoff. 
The field equation of (p for general z and d is 

«■'* _(,+ i)i|:* _('!!!!£! + P + 2Mw) ^ = . (6) 



du'^ udu \ u^ J 

Note that we treat ^ coordinate special and replace all the d^ as iM . This is in accord 
with the fact that the coordinate S, plays a distinguished role in the geometric realizations 
of Schrodinger and Galilean symmetries 



The general solution is given by 

= ciu^+'^'^hiqu) + C2U^^^'^K,{qu) , (7) 

where v = ±a/(1 + d/2)^ + L^m"^, q^ = P + 2Ma;, I^K represent Bessel functions. We 
choose K over I due to its well defined properties deep in the bulk. 

We follow [l2] [12] to compute correlation functions by introducing a cutoff ub near the 
boundary and normalizing f^]^{uB) = 1, which fixes c = u^~ K^^{quB)- We compute an 
on-shell action to find 

r Td+3 2 

S[M = J d'^'^l^^ cp*{u,t,x) -d^cp{u,t,x)l^ . (8) 

Using k = {u,k), X = {t, x), ik ■ x = —iut + ik ■ x and 

<l>{u,x) = J ^-0^^ e^'- Mn) Mk) , (9) 

the onshell action can be rewritten as 

[t,co',uj] f[x,k',k] (l)l{k')J^i{u,k',k)Mk) , (10) 

J Ub 

where /[t, u\ uj] /[x, k\ k] = J dt l^^g-^^^'-'^)* / d'^x J (0r70e^(^'-^>^. J^i is given by 



L'^+3 , u- 



J^i{u,k',k) = --^(l)l,{k',u)j^du(pk{k,u) . (11) 

This function appears again when we construct the log and log^ extensions below. 



For general d we find 

^u^^'"^KMu) = ^/^{{l + d/2 - u)KMu) - quK^^iqu)} . (12) 

One can evaluate the g-dependent part of J-'i at the boundary, u = ub, by expanding it for 
small Ub- We obtain the following non-trivial contribution 

M 2r(l-z/) fL'+'\ fquB\^^ , ,^^. 

Note that the function J-'i is only a function of g(co', k) when it is evaluated at the boundary. 

By inverse Fourier transform of (13) for an imaginary parameter M = iAi, we get the 
following coordinate space correlation functions for a dual field theory operator (p 

/dill d'^k 

r(i-z/) l'^+^mI+'' e{t2)e{t2~ti) f_M{x2-x^f\ 

~ nv)T{-u) 7r2-i4+2-2^ ■ {t2 - t,Y-^^^ ■ """^ V 2(t2 - h) ) ■ 
These are our correlation functions evaluated for general dynamical exponent z and for the 
number of spatial dimensions d, which are direct generalizations of a previous result for 
d = 2 and z = 2 [12] . Note that the result is valid for the field theories with Galilean boost 
without conformal symmetry. In particular, the parameter Ai carries scaling dimensions 
[Ai] = z — 2, and the exponent is actually dimensionless. This is consistent with the scaling 
properties written in ^. 



The result (14) is independent of z, while depending on the number of dimensions d. 
This is expected because the ALCF metric ([I]) is independent of z, which is a special feature 
for the ALCF. This is not true for Schrodinger background as we see below. 

2.1.2 Response functions with log extension 

Motivated by the recent interests on LCFT from the holographic point of view [29] [10], we 
consider two scalar fields (f) and in the background M 



S = K I d'^+^x I du^^ (d^'^ dM(p + m^ 4)<P+ ^0' ) , (15) 

where ub represents a cutoff near the boundary. We take d-(j) = — A^</> and d-(f) = —M.(f). 



The field equations for and of the action (15) become 



2Md+(P = --V<p-W^+\~^, (16) 

■u^ u^ 

2Md+(P = -\v4>-V^4>, (17) 

u^ 



where 



V = u' 



n2 ^+1 



2t2-\ 



du- 



m^L 



u u^ 

which is a differential operator for ALCF. 

— * 

Following [12] [29], we construct bulk to boundary Green's functions Gij{u,uj,k) 



{u,x) 



[u,x 






ik-x 



-ik'-x 



Guiu,k)J{k) + Gi2iu,k)J{k) , 

G2liu,k')J{k') + G22iu,k')Jik') 



(19) 



{2ttY+^ 
We choose G21 = 0, which is in accord with the structure of the equations of motion given 



in (16). The Green's functions satisfy 

DGn = , DG12 = G22 , 



DGoo = 



(20) 



where D = V — q^v? and q = yk"^ + 2Aiiuj. Solutions of Gu and G22 are given by 

Gn{u, k^) = cii u'^'^^K^iqu) , G22{u, k^) = C22 u'+''^^K,{qu) , (21) 

where u = ±a/(1 + d/2y + m?L'^. The normalization constants Cn = C22 = (u^ Ky{quB)) 
can be determined by requiring that Gii{uB,k^) = G22{uB,k^) = 1 02] [12]. 

There exists another Green's function G12 due to a coupling between (p and (p in the 



-1 



action (15), which satisfies 



DGio — Goo . 



To evaluate G12, we use the same methods used in [IH][in]- Using 

d 



D 



du 



2v 



(22) 



(23) 



and the fact that 0^22 = 0, we get 



^'2^^^^'^'-^'' 



(24) 



Thus we have an explicit form. 

G12 



^^ _ I d I u^+'^I^K^{qu) 
2^d^ ''~2^^\u'^'"^K,{quB), 



(25) 



After plugging the bulk equation of motion into the action (15), the boundary action 
becomes of the form 



S 



B 



K / (f+'x 



, L-^+s 2 



d„ 



w 



d+3 ^^2^« 



ub 



-K [t,u\u] [x,k\k] J{k') Ti{uB,k\k)J{k)+T2iuB,k\k)J{k) 



(26) 

For ALCF, the system has the time translation invariance, thus the time integral is trivially 
evaluated to give a delta function. The J-''s are given by 



•^1 = ^G22ik') du Guik) , 
^2 = ^G22{k') du Gu{k) . 



(27) 
(28) 



We note that Ti leads the same result as (13) and (14) 



Let us evaluate J-'2, which is u derivative of J-'i given in (25). The result is 



(0(a;2)0(a;i)) 



1 



^2 



0it2)eit2 - h 



2V{v + 1) 7r2-i4+2-2. ^^^ _ ^^^ 

/ r(z/)' , ^ Mul 



d+2 
2 



■ exp 



M{x2 — XiY 
2{t2-h) 



(29) 



r(z/) ' ' "''2{t2-h] 

These are our correlation and response functions with log extensions for general z and d. 
This is a direct generalization of the previous result for d = 2 and z = 2 p3] . Note that the 
result is valid for the field theories with Galilean boost without conformal symmetry similar 



to the result (14). Again it is independent of z. 



2.1.3 Response functions with log^ extensions 



Motivated by the recent interests on tricritical log gravity [30] , we consider three scalar fields 
01, 02 and 03 in the background ([I]) with the following action 



S = K t/"'+\ / duy/^ 
where we take d^d), 



M . 



9*V29Af02 + 9^>39A/01+m 



+ 0301 



+ 



2lJ 



(30) 



— A^0i for i = 1, 2, 3. This action is previously considered in [31] in a 



different context. The field equations for 0's of the action (15) become 

1 



2Md+(j)i 

2Md+(p2 
2Md+(l)3 



u^ 



-P01 - V'0i + 



u^ 



-— I)02-V202+^03 
■— 2)03-V203, 



(31) 
(32) 
(33) 



where V is given in (18). 



We construct the bulk to boundary Green's function Gij{u, u, k) in terms of Ji(a;, k) as 



(/)i(M,X^) 



d'^k duj , 



ik-x 



Gij{u,k)Jj{k) 



(34) 



{2ttY 2tt 
We choose 6*21 = ^31 = G32 = 0, which is in accord with the structure of the equations of 



motion given in (|31|). The Green's functions satisfy 





DGn - ^ , 
DG21 = , 
DGai = , 



DG12 — G22 , 

DG22 = , 

DG32 = , 



DG13 — G23 , 
DG33 = , 



(35) 



where D = V — q^v? and q= \/kP' + 2A4iuj. The Green's functions Ga, i = 1, 2, 3 are 

Gi,{u,k) = Ciiu'+''^''K,{qu), (36) 

where u = ±a/(1 + d/2)'^ + m?LP' with the same normahzation constant given in (tel). 



There exist other Green's functions 6*12, ^13, (723 for the action (|30|), which satisfies 
06*12 = G22 5 
In particular, we have 



DG 



23 



G 



33 ) 



DG 



13 



G 



23 



(37) 



D^G 



13 



G 



33 ; 



D^G 



13 



D^G 



23 



DG 



33 



0. 



(3^ 



To evaluate them, we generalize the methods used in [IE] [ID] to the tricritical case. Using 
again [D, d/dv] = 2v, and the fact that DGjj = 0, we get 



^^Y.i'^'' 



Gj 



Thus 



1 d 
2v dv 

1 d 
2v dv 

1 d 



1 d 



G = — — G = — — ( ^^-^'^(^^) ^ 
2iy du 211 dv \u\Ky{quB) ) 



G,, = --G33 = -- (jI^^As}!L) , 

2iy du 2u du \u'^K^(quB) J 



G,s = --G2s = --(--Gss 
Au du 4z/ du \ 2v dv 



(39) 

(40) 
(41) 
(42) 



Note that the last expression has second order derivative of z/, which leads log^ contributions. 



After plugging the bulk equation of motion into the action (30), the boundary action 
becomes of the form 



S 



B 



-K / (f+ 



~^X^r i 4>2T^du(f)2 + 4>3T^du4>l 



W^ 



'L2 



Mfl 



-K [t,u',u] [x,k',k] Ji{k')J'ij{uB,k' k^)Jj(k^ 



(43) 



The system has time translation invariance, thus the time integral is trivially evaluated to 
give delta function. The J-''s are given by 



J", 



22 
J^23 
•^31 
J^32 



W^ 



-G22{k') du G22{k,) = J-i 



^- 



33 






w^ 



u- 



:G22{k') 9„ G23{k, 



T. 



G33(A:;)5„Gn(M=-^i. 
(G'23(A:;) d^ G22{ky) + G33(A;;) d^ Gi2{k,)) = T2 
{G23{k'^) du G23{k,) + G33(fc;) du G^sik^)) = ^3 



(44) 
(45) 
(46) 
(47) 
(48) 



Note that the first terms in J-32 and J-33 are when evaluated aXu = ub- We also notice that 



J^i and J-2 are identical to (13) and (28), and thus the corresponding correlation functions 



(14) and (29), respectively. 



Now we are ready to evaluate J-3. Using ( |42| ) and ( [14| ), we get 
1 



(03(a;2)03(a;i)) 



L'^+^M^- 



^3 



0{t2)e{t 



d+2 



X 



8i/3r(z/)7r2--i4+2-2. ^^^_^^ 
1 + z/V^ - z/2(V;2 _ ^/) ^ (^2z/2^ - z/) In 



2-tl) / M{x2-Xi] 

■ exp 



2(t2 



t 



(49) 



A^M^ 



B 



2(t2 



u'\n\ 



Mul 2 



2(t2 



where ipliy) 



em: 

r(i.) 



. This is our main result in this section, response functions with log and 



log^ extensions, which is valid for general z and d. Note also that this result is valid for the 
systems without non-relativistic conformal invariance. We notice that various coefficients in 
the square bracket are completely determined once z/ is fixed. 



2.2 Schrodinger backgrounds 

We first establish the Schrodinger type solutions with Galilean symmetry with z ^ 2 following 
[36] . see also [37] [35]. Finite temperature generalizations for general z is considered in [38] . 
while those ior z = 2 are considered in [13] [S] [13] [IS] [H] • 



10 



The metric at zero temperature is given by 



^' =L {-7;^ + Z^ ) ' (50) 



which is invariant under the space-time translations Pi, H, Gahlean boost Ki, 

x-^x-vt, i-^ i + -{2v ■ x-v'^t) , (51) 

scale transformation 

t^ XH , x^ Xx , u^ Xu , ^ ^ A^"^^ , (52) 

and translation along the C, coordinate, which represent the dual particle number or rest 
mass. There exists additonal special conformal transformation for z = 2, which has been 
focus of previous investigations. 

The geometry is not a solution of vacuum Einstein equations. Thus we require to support 
it with some matter fields. One particular example is the ground state of an Abelian Higgs 
model in its broken phase [36] 

S = Jd'^'xV^(^-\F'-^\D^\'-Vm)^ , (53) 

Vm=9{m'-vr-^-^^^^, (54) 

^^^^^ ,_ 2L'z\z + 2d + 3nz-l){2z + dh . . 

'^'^''^ - z{z + 2d + 3f ' ^°" -z^ + e^v^L^ ' ^^^^ 

which gives j^ = por'^~^/L'^. 

It is not hard to find a different matter system that supports the metric. 



v^+3^^^/ 1^2 , {d + i){d + 2y 

P^ „,2 „2 or2/^ I oJ I qN2/ 



S = I d^-^xV^g ( -,F^ + ^""^;r ^ ) ' (56) 



4 L2 



'^^(''^ = ,^, + 2d + Sf ^ ' Po = ^L\z + 2d + 3yi2z + d)iz-lh, (57) 

which gives j^ = por'^~^/L'^- 

2.2.1 Correlation and response functions with log & log^ extensions 

We are interested in constructing correlation and response functions using three different 
actions, (|5]), (15) and (30), as in the previous section ^2.1 Here we briefly show that the 



procedure is the same as before. Thus we can compute the logarithmic (squared) extensions 
by taking a simple u derivatives of the correlation function obtained from the action ([s]). 
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We start by considering correlation functions of the geometry (50) by coupling a probe 



scalar with the same action as (|5|. The field equation for becomes 



92 



du^ 



{d+l. 



Idcj) 
u du 



2t2 



m^L 



u^ 



+ k^ + 2Mw + -fM-^u 



2„,2~2z 



. 



(5^ 



Note 7 7^ 0, which is one of the main differences between the Schrodinger background (50) 



and ALCF ([I]). Again, we treat ^ coordinate special and replace all the d^ as iM. With this 
differential equation, one can compute the correlation function J^i. For general z, analytic 
solutions are not available. The resulting correlation function for 2; = 2 is already computed 



in [H] [12] [10] , while that of 2; = 3/2 is computed below in ^2.2.3 Previously, several special 
cases also have been computed in [S7] . 

To compute the corresponding log and log^ extensions, we consider a Schrodinger differ- 
ential operator 



D 



Schr 



U 



dl 



rf + l„ z/2-(l + d/2)^ 



u 



-du 



u^ 



-q^ - -fM^u 



2„,2-2z 



(59) 



where q^ = k'^ + 2Muj and u = ±a/(1 + d/2y + L'^m'^ for z ^2. For the special case z = 2, 
we have v = ±1^(1 + d/2y + L'^m? + 7M2 from (59). With the differential operator Dschr^ 



we can still use the relation 



D 



Schr 



d 

du 



2u 



(60) 



to compute the correlation (response) functions with the logarithmic extensions. For that 



purpose, we use the equations (19) - (27) with appropriate Gn and (j22- We also get the 



response functions with the log extension using (34) - (48) with appropriate Gii,G22 and 
G33. 

The upshot is that the logarithmic extensions can be computed by taking one or two 
derivatives of the correlation functions available. Let us compute these correlation and 
response functions for z = 2 and z = 3/2 in turn. 



2.2.2 Conformal Schrodinger backgrounds with z = 2 



We comment for the conformal case z 



d^ 



{d+l] 



2 here. The differential equation (|58|) simplifies to 

(61) 



m^L^ + -fM' 



u^ 



+ P + 2Mw\ 



0. 



du^ u du 

This is similar to that of ALCF given in ([6]), the only difference is the presence of the 
parameter 7, which modifies u as u = ±a/(1 + d/2Y + m?LP' — 7A^^. This observation leads 
us that we can compute correlation and response functions with logarithmic extensions as 



in ^2.1 These are (14), (29) and (49) with modified v. 
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2.2.3 Schrodinger backgrounds with z = 3/2 

The case z = |, rf = 1 is our main interest for the apphcation to KPZ universahty class. For 
the time being, we work on general spatial dimensions d. The corresponding solution is 

= e-''"M^+" [ciU (a, 1 + 2u, 2qu) + C2L^^^{2qu)\ , (62) 

where a = ^ + i^, 7 = 1, z/ = ±^{l + d/2f + L'^m? and q^ = P + 2Mu. U and L 
represent the confluent hypergeometric function and the generalized Laguerre polynomial. 
We choose U for our regular solution. 

The momentum space correlation function can be evaluated as the ratio between the 
normalizable and non-normalizable contributions at the boundary expansion of the solution 



(62), which is given by 



T[-2u] r 


'l+2u 1 M^' 
2 ' 2g 


r[2z/] Y 


l-2u 1 A^2 
2 ' 2g 



G{q) - rq'^ '^ ; _ -^ , (63) 



where we only keep momentum dependent parts. One can restore the ub dependence us- 
ing scaling arguments. For the general case, Fourier transforming back analytically to the 
coordinate space is difficult. Thus we would like to consider some special cases. 

A. ^ i- : The momentum space correlator has the same form as aging in ALCF 

G(o) ~4V^^^tM^lill f64) 

For imaginary parameter M = iAi, we get 

This result is for 2; = |. The dependence on time and space is identical to the result 
of the aging in ALCF. 



We are interested in log and log extensions. For this purpose, we consider 

t2-h 



(0*(x2)0(xi))^« ~ Mz/) ( f-^ ) , (66) 



where /i(z/) collectively denotes the other u dependent parts. We also use the same 



actions (15) and (30) to get the correlation functions with the logarithmic extension 
mx,mx,))%^ = I (^ + ln[(^^]) (0(^2)0(a:i))^° , (67) 
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and the log^ extension 



(03(x2)03(a;i)) 



Mo 

^3 



where An 



'h'[v]+uh"[u] 



iv-^ 



, ^1 



Ao + Ailn[-- f-]+A2ln[ ^ ^2 



-(t2-ti)^ 



'(t2-tl)^ 



^20i)^\ (68) 






and A2 = V. 



B. "2 s- 00 : We use the asymptotic expansion form from §5.11 of |18 



T[z + a] a-b^Gk{a,b) 



hm —f- rf ~ 2 

2-5-00 r[z + oj 



A;=0 



Gkia,b) 



"-')bI°-'«'(.) 



(69) 



where (°j^, ) are binomial coefficients and B^ (a)'s are generahzed Bernoulh poly- 
nomials. For our case, G'2n-i oc (a + 6 — 1) = 0. 

The momentum space correlation function is 



G{q) ~ A^q 



, ,,^[-2z.]/M2^^^ °° 



2_,'^2n 



VM2J 



2n 



(70) 



n2-] V2g. „^, 

The ffist term is independent of momenta, which we ignore. For the rest of the terms, 
the inverse Fourier transform of q'^"' gives us pTz^, which vanishes for integer n. Thus 
the coordinate correlation function identically vanishes except the case n = 2v. Thus 
we get, using M = iM. 



{<f{x2)<P{xi))M^ 



Gi, M 



\-2u 



T[2u]n2^-^^ {t,-t,Y-i 



Xt)9{t2-ti) ( M(X2-XI) 

exp 



d+2 



-2v 



2(t2 - ti 



(71) 



We are interested in the response functions with log and log^ extensions, we consider 



{<t>*{x2)<t>{x,))f-^h{u) 



Mui ^ 



'-B 



(72) 



.^2-tl, 

where h{v) collectively denotes the other u dependent parts. We also use the same 



actions (|15|) and (|30|) to get the correlation functions with the logarithmic extension 

Mui. 



<^(-)^(-»-^-2lK 



+ 21n[ 



it2-tiy 



\Moo 



(73) 



and the log^ extension 



{M^2)h{xi)) 



M„ 
^3 



5//-^ 



Ao + A, ln[ 



Mu% 1 . T . r Mu 



A2H-, 



2 

B 12 



where An 



-h'[v]+uh"[v] 
h\u\ 



7 _ -2h[u]+ivh' [v 
' ^1 - W] ' 



{t2-tiy \t2-hy 

and A3 = 4z/. 



0)^-, (74) 



These two extreme cases, A^ — ?■ and A^ — t- 00, signal that the parameter M. can bring 
some quantitatively different behaviors of the correlation and response functions. 
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2.3 Two-time response functions 

In this section we summarize ^ by considering the two-time correlation and response func- 
tions with logarithmic extensions. From the various results of ALCF and Schrodinger back- 



grounds, equations (49), (68) and (74), we observe that the correlation functions with(out) 



log extensions show qualitatively similar properties. 

Some typical two-time correlation and response functions can be obtained by putting 



X2 = Xi in equation (49). 



C(t2,tl) = (t2-tl)-'*'-^ 



-^B 1 , . ,„r ^B ,2 



Ao + Ai\n[- — ^]+A2\n[ 



^2 — ti t2 — ti 

where '?/'(//) = yPv^-^b = ^^^-y^, and the coefficients 



(75) 



r(i')' A/f„ - -^"1 



r{i/) '■''-« 2 ' 



Ao = 1 + ly^ - u\^^ - ij') , (76) 

Ai = (2z/2^ - z/) , A2 = -z/2 . (77) 

We note that these coefficients, Aq,Ai and A2, are determined once z/ is fixed. C{t2,ti) 
is invariant under the time translation transformation, and so C(t2,^i) = C*(^2 — ti). The 
so-called "waiting time" s = ti does not have a physical meaning. Thus C{t2 — ti) is 
completely fixed as a function of t2 — ti, once d, v and Aiu^^ are given. Physically, this time 
translation invariant two-time response functions describe either constant growth or constant 
aging (decaying) phenomena. Further physical significances are considered in detail in q4J 

3 Aging Logarithmic Galilean Field Theories 

Equipped with the generalization of our correlation and response functions for general z and 
d, non-relativistic and (non-)conformal geometries, we would like to add yet another ingre- 
dient to them : aging, one of the simplest time-dependent physical phenomena. Typically 
aging is realized when the system is rapidly brought out of equilibrium. For this simple 
time- dependent phenomena, time translational invariance is broken. There are two impor- 
tant time scales: (1) waiting time which marks the time scale when the system is perturbed 
after it is put out of equilibrium and (2) response time which marks when the perturbation 
is measured. Typical properties of aging are described by the two-time response functions in 
terms of these waiting time and response time, and are power law decay, broken time trans- 
lation invariance and dynamical scaling between the time and spatial coordinates. These 
are shown in holographic model in [12] as well as various field theoretical models, see e.g. 
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In the context of Anti-de Sitter space/ Conformal field tfieory correspondence (AdS/CFT) 
[13] [H] and its extension to Scfirodinger geometries [35] [36] [33] [31] , tlie geometric realizations 
of aging have been put forward in [II][I2] by generalizing the background with explicit 
time dependent terms. These terms are generated by a singular time dependent coordinate 
transformation, which itself has significant physical meaning in the context of holography 
[IT] . Furthermore, there exists a time boundary at t = and physical boundary conditions 
are explicitly imposed: (1) by complexifying time in [TTJ or (2) by introducing some decay 
modes of the bulk scalar field along the 'internal' spectator direction ^, which is not explicitly 
visible from the dual field theory in [12]. We prefer the option (2) in this paper as in [12], 
where the resulting two-time correlation functions show a dissipative behavior and exhibit the 
three characteristic features of the aging system mentioned above. Thus the time translation 
symmetry is broken globally, and the aging symmetry is realized as conformal Schrodinger 
symmetry modulo time translation symmetry [ll][l2]- Their finite temperature properties 
with asymptotic aging invariance are also investigated in ^]. See also a recent review [50] . 



In this section we would like to generalize this aging construction to the case with general 
dynamical exponent z and for general dimensions d. The generalization of the singular 



coordinate transformation and the corresponding aging geometries are constructed in ^3.1 



In ^3.2, we construct the two point correlation and response functions for ALCF in the 



context of [33] [31], while similarly in ^3.3 for Schrodinger background in the context of 
[35][36]- Their log and log^ extensions are explained in |:3.4 



3.1 Constructing aging geometry for general z 

Physical properties of aging is explored in holography by using a singular coordinate trans- 
formation 

e -^ ^--\n {u'H) , (78) 



which is first introduced in [TT], specifically for z = 2 case. It is important to impose 
physical boundary conditions on the time boundaries in addition to the spatial boundaries. 
The simplest possibility in this context has been explored in 



We would like to extend this singular transformation for general z in a. direct manner. 

e -^ ^ - f In {n-H) . (79) 

Note that for general z, the coordinate ^ has non-trivial dimensions, [i^] = 2 — z, under 
the scaling transformation. One immediate consequence is a nontrivial scaling dimension 
of our parameter [Ai] = z — 2. This is already observed in the exponent of the correlation 
and response functions in previous section. Now for the aging extension, we observe that 
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the parameter a also has a definite scahng dimension [a] = 2 — z. These two parameters 
conspire to provide us a rather simple and elegant generalization to the aging correlation 
and response functions for general z. 



The background metric extended to the aging is correspondingly modified to 
dsl = -^ (dx'^ - 2dtd£ - (^^ + -)dt'^ + —dudt + du' 



(80) 



u^ \ \u^^^^ t / u 

where 7 = corresponds to aging in ALCF. There exists a slight change in metric compared 
to ([I]) or (50) : the coefficient of the term dudt has a factor of z instead of 2. One can check 
that the matter contents without the singular transformation would solve the corresponding 
Einstein equation. These cases can be considered as locally Galilean. 

To compute the correlation functions of the probe scalar fields in the background geom- 
etry (80) with general z and rf, we consider the action given in (Is]). The field equation for 
becomes 



2M 



'.d_ aM 



&" 



dv? 



+ 



ziMa — d— Idcj) 
u du 



Am^L^ + 2{d + 2)ziMa + z'^M'^a'^ -fM^ -3' 



4^2 



U 



2z-2 



Note that here we treat ^ coordinate special and replace all d^ as iM, because this coordinate 
plays a distinguished role in Galilean and corresponding aging holography 



To find the solution of the equation (81), we use the Fourier decomposition as 

dco d'^k 



{u, t, x) 



Ak-x 



27r (27r) 



T^{x^) f^k^u) (pQ{uj,k) , 



(821 



where k is the momentum vector for the corresponding coordinates x. (poiu), k) is introduced 
for the calculation of the correlation functions and is determined by the boundary condition 
with the normalization f^^%{uB) = 1- And T^{x'^) is the kernel of integral transformation 
that convert u; to a;^, which is necessary for our time dependent setup |12j . 



With this Fourier mode, the differential equation (81) decomposes into time dependent 



part and radial coordinate dependent one. The time dependent equation and solution read 



.d aM 



T. = LoT. 



TUt) 






(83) 



The radial dependent equation is given by 

2w/ , / -A^ J IN ./ f{d + 2)ziMa 
u f t + [ziMa -d- l)uf 



P + 2Mu) u'fr , 



+ 



h m^L^ + 



u 



2z-A 



L 



(84) 
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where /' = duf. 

From this point we can not carry on the analysis for both the aging in ALCF, 7 = 0, and 
aging background 7 7^ simultaneously. Thus, we first consider the correlation functions of 
the scalar operator in aging ALCF. 

3.2 Aging in ALCF 



For 7 = 0, an analytic solution of the equation (84) is available as 



2+d • zaM 



L k = u^~'— {C2h{qu) + o,K,{qu)) , (85) 



where I^ and K^j are Bessel functions with v = ±W (^^) + L'^m? and q = yk'^ + 2Muj. 
Note the overall a dependent factor, which is a non-trivial feature of our model. We also 
consider the boundary condition along time direction near the boundry. The solution behaves 



as /g ~ /^ g ~ C2q ^ along with the time dependent factor T^^ in (83), whose inverse Fourier 
transform is given by 

(p{x) r^ t^ 2 2 exp I — J . (86) 

This wave function converges for t — )• 00 if | — ^ — ^^ < 0, and for t — )■ due to the 
exponential factor if 7VI > 0. In particular, this condition allows the parameter aM. to be 
negative 

aM>u-d-2, (87) 

especially for the case u < 0. Similar result for z = 2 and d = 2 is already considered in [12]. 
Note that we only consider the imaginary M = iM.. 

We follow |l2] to compute the correlation functions by introducing a cutoff ub near the 

_ rf+2 I • zaM 

boundary and normalizing /^ ki^s) = 1? which fixes c = u^ '^ ^ K^^lqus)- The on-shell 
action is given by 

S[M= [d''^'x^<P*{u,t,x) f^^^^ + ^M^^<P{u,t,x) 



Ub 



This can be recast using 



<^{u,t,y) = I (^^e*^^^ (^^) ' c K^iqu) Mk) ■ (89) 



as 



dt e{t) e^*^'^ """)* (t) 2 

27r 271 

^ /^'^/l^/ (0^^'^''"''''^o(A:O^K , (90) 

where ^(t) represents the existence of a physical boundary in the time direction, < t < oo, 
and J-" is 

Hu,k\k) = ^rAk',u) (|^5« + ^m|^) Mk,u). (91) 



Note that the spatial integration along x can be done trivially to give a delta function 
6'^{k' — k). One can bring u^^^2~ factors in / and /* together to cancel each other. This 
removes the second part in J-". From this point it is straight forward to check that J-" is given 



by (13) at the boundary. Further details can be found in J12j . 

For imaginary parameter M = iAi, we get the same correlation function as 

d'^+^k 

{2^ 



X2)0(xi)) = -2^(t2) {a%h)^ (ats)-"-^ I j—^;^^e''^-^'^^~^''^e'^^'^-'^^HuB.k) 



•^ \2 



r(i-z/) L^+i>i5+'^ e{t2)e{t2-h) [hy^ ^^ f m{x2-x{] 



r(i.)r(-z/) 7r2-i4+2-2. (^^_^^)^+. ytj ^\ 2{t2-t 

This is one of our main results. The aging correlation functions for general dynamical 
exponent z and d have a direct realation with those of Schrodinger as 



{(P*ix2)(p{Xl))X^nnALCF = T i^P* ix2)(p{Xl)yALCF ■ (93) 



ctM 



The overall time dependent factor ( |^ j comes from the inverse Fourier transform of the 

time part, which has been evaluated in great detail [12]. Thus the result is independent of 
z, while depending on the number of dimensions d. The corresponding extensions with log 



and log are considered below in ^3. 4 



3.3 Aging backgrounds 

For aging backgrounds, we have nontrivial z dependence, and we need to treat them sepa- 
rately. Fortunately, an analytic solution is available for z = 3/2 

4 k = e-'^"n'^+^-"^ (cif/[a, 1 + 2u, 2qu] + C2Lf (2g«)) , (94) 
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where a = ^ + ^, v = ^/{l + rf/2)2 + L^m"^ and q'^ = k^ + 2Mlo. U and L represent the 
confluent hypergeometric function and the generahzed Laguerre polynomial. We choose U 
for our regular solution. 



The momentum space correlation function turns out to be the same as (63) as explained 
there. For the rest, we follow similarly §3.2| to get the aging correlation and response func- 
tions. Finally, we arrive general conclusion 

( _aM 

J 1 '\4>{x2)4>{x\i) schT ■ (95) 

The overall time dependent factor {t^jtx) ^ comes from the inverse Fourier transform of 
the time part, which has been evaluated in great detail [T2] . 



3.4 Aging Response functions with log & log^ extensions 



As we mentioned in ^ 2.3 , the aging in ALCF and aging background have similar properties as 



far as the correlation and response functions are concerned. Thus we present the logarithmic 



extension of the aging correlation functions using (92). 



In the previous sections, ^3.2 and §3.3[ we establish the fact that the correlation functions 
have the overall time dependent factor {t^jtx) ^ from the time dependent part of the mo- 
mentum correlation function. In section ^ on the other hand, we developed the algorithm 
to generate the logarithmic extensions using u derivatives from the fact [D , d/dv\ = 2v. 
These two generalizations are independent of each other. Thus we safely generate the loga- 
rithmic extensions of the aging correlation functions by differentiating the aging correlation 
functions in terms of v. 



t2 



2 



(0(a:2)0(xO)l^,„, = (f] (0(x2)0(xi))^^,, , (96) 



{<P{x2mX^)f4^n, = r^) ^ ^|; [(0(^2)0(Xl))^^,,] , (97) 



(0(X2)0(X1))^^,„^ 






h ) iu du 



(98) 



The results (020i)"^^ are given in equations (14), (65) and (71). Their specific forms are 



(0(x2)0(xi))J^,„, = ^,{'^- ^V'(^) + ^HMm]) (0(X2)0(X1))^^„, , (99) 

{Ux2)Uxi))%n, = -^ [A, + A,HMM] + A^HMMf] (0(a;2)0(xi))S.„, , (100) 
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where 

,_, Mb Mul T{i,Y 

Ao = l + uip- u\i/j^ - tp') , Ai = (2z/V -^) , M = -v^ ■ (102) 

These are main resuhs of our aging response functions. Physical significances related to 
them are discussed in the following section. 



4 Connection to KPZ 

In this section we would like to seek a connection to KPZ universality class, its growth, 
aging or both phenomena at the same time. Our investigation is concentrated on the gener- 
alizations of two-time response functions for general dynamical exponent z and for general 
spatial dimensions c?, along with their generalizations with the log and log^ contributions. 

Previously, we observed that our two-time response functions reveal several qualitatively 
different behaviors, such as growth, aging or both in our holographic setup [10]. In a par- 
ticular case, z = 1 and d = 2, both growing and aging behaviors have been observed for 
a parameter range —2 — ^^ < v < —2 [10]. This was motivated by a recent progress on 
field theory side [8] [9] along with some clear experimental realization of the KPZ class in one 
spatial dimension [6] [7]. 

Here we obtain additional properties of the two-time response functions as well as to 
extend our results for general z and d. Before presenting the details, we comment their 
general behaviors. 

A. Due to the simple broken time translation invariance of our system, signified by the 
parameter aAi, our two-time response function reveals a power-law scaling behavior at 
early time region, which is distinct from another power-law scaling at late time region. 
The turning point between the two time regions, y ~ 1, is marked by the waiting time 
s = ti. If a = 0, there exists either only growth or aging behavior. 

B. The initial power scaling behaviors, growth or aging, are crucially related to the pa- 
rameter L'^m?, especially the combination — ^^ — i^, which is the scaling dimensions of 
the dual field theory operators we consider. The late time scaling behavior is further 
modified by aM, which is aging parameter, in addition to the scaling dimensions. 

C The power-law part of the two-time response functions show the growth and aging 
behaviors, while the log and log^ corrections provides further modifications that would 
match detailed data by turning available parameters. 
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4.1 Response functions for z and d : ALCF 



We consider a typical correlation and response functions for general z and (i, extending 
previous results for z = 2 and d = 2 [TU] 

d+2 
„/ N d+2 ,, cAA d+2 ,, / 1 \ ^ , , 

C(s, y) = s~^--y-^-^'- 1 - - , (103) 



with a waiting time, s 

V 



ti, a scaling time, y = 12/ ti and two other free parameters 



±W(^i^) + L'^m? and aA^, which satisfies the condition (87) coming from the time 
boundary aM. > u — d — 2. The response function (103) is the general form for the Aging 



ALCF for all the cases considered in ^3^ This is also valid for the ALCF in {2A_ without 
the condition (87) if we set a = 0. 



Positive V 

Let us comment for the case with positive v. This case has only aging properties if the 
parameters v and aM. are not too large. For v ^ ^^ and aM. ~ u — d — 2, which is allowed 
by the time boundary condition (87), the bending point, around log(y — 1) ^ 1 in the figure 
[l} sits deep down and the second leg of the plot becomes horizontal. As we increase either u 
or ajvl, the bending point goes up. This is depicted in the figure [ij For a = or a particular 
value of L'^m?, we can get a straight line, which is identical to the time independent case. 

Negative v 

If one is interested in growth phenomena, it is more interesting to consider z/ < 0. Due to 



+2_ 



the form of the response function (103), the part (1 — l/y) ^ ^ determines the properties 



C(s,y), y>0, Q'M<0 




ir" 



^y-1 



C(s,y), v>0, aM>0 




^y-i 



Figure 1: The log- log plots for the correlation functions with positive v. The parameters d and s do not 
change the qualitative behaviors, while the parameters v, actually L?rr?^ and aM are important for the 
early time and late time power law scaling. 
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at early time y <^ 1. For z/ = — W(l + d/2) + L'^m?, actually L?"m? determines the slope at 
early time. For — (1 + d/2) < L'^m? < 0, the slope of the first leg is negative, while that is 
positive for Li^m? > 0. This can be verified directly in the figure [2J 



On the other hand, the late time behavior is determined by a factor y~^ ^' 
a = 0, the slope does not change. The relative slope of the second leg is determined by the 
sign of aAi. This is verified in the figure |2} The real slope of the second leg is governed by 
the sign of —^^ — %^ — i^- In particular, early time growth and late time aging happens for 



L^m^>0, aM> -d-2+J{d + 2y + AL'^m 



(104) 



The second condition is similar to our time boundary condition (87), but not identical. 



C(s,y),v=0,LV=-^^4^ 



2„.2 



C(s,y), v<0, L^m^=0 



10-'' 0.01 %•-.. 100 lO*" 




2...2. 



C(s,y), y<0, L^m^=2 




.y-l 



Figure 2: The log- log plots for the correlation functions with negative v. Each panel has a fixed value of 
L^m? , which determines the slope of the first leg at early time, while the sign of aM determines the relative 
slope of the second leg at late time, compared to the first leg. Left : the case saturated with the BF bound 
V ^ and L^m^ = -(d + 2)^/4. Three plots are for aM ^ v - d- 2 < Q,Q,d+2 - v > Q, which are blue 



straight, black dotted and red dashed lines, respectively. Similarly for the Middle with L?m? 
plots with L-^rn^ = 2 with the same values of aM = v — d— 2 < Q,0,d + 2 — i' > 0. 



and Right 
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4.2 Critical exponents for general z and d : ALCF 

For growth phenomena, the roughness of interfaces is quantified by their inter-facial width, 
w{l,t) = {^y{[h{x,t) — {h)i]'^)i, defined as the standard deviation of the interface height 
h{x, t) over a length scale / at time t [3]. An equivalent way to describe the roughness is the 
height-difi^erence correlation function C(/, t) = {[h{x+l, t) — h{x, t)]^). (■■■)/ and (■ ■ ■ ) denote 
the average over a segment of length / and all over the interface and ensembles, respectively. 
Both w{l,t) and C(/,t)^/^ are common quantities for characterizing the roughness, for which 
the so-called Family- Vicsek scaling [5T] is expected to hold. The dynamical scaling property 
is 

C{l,ty/^r.t^Filt-^/^)r.[l [°^ |<<|* , (105) 

1^ t° tor / > /* 

with two characteristic exponents: the roughness exponent a and the growth exponent b. 
The dynamical exponent is given hj z = |, and the cross over length scale is /=„ ~ t^/^. 
For an infinite system, the correlation function behaves as C{l^ty^'^ ~ t^ at some late time 
region t ^ 1. 



From the two-time correlation function in equation ( 103 ), we can get the growth exponent 



aM d+2 V 

^Aging = ^ ^ ^ , (iUbj 



where u = ±-v/(^i^) + L^m^. Note that the parameters satisfy the condition (87) from 
the time boundary conditions. We notice that our system size is infinite, and thus it is not 
simple matter to obtain the corresponding roughness exponent. The dynamical exponent is 
not fixed in ALCF, even though the differential equation has z dependence, which can be 



checked in (81). 



For KPZ universality class, there is a nontrivial scaling relation between the roughness 
exponent a and the dynamical exponent z, chapter 6 in [3] 

a + z = 2. (107) 

While this relation is remained to be checked in our holographic model, we assume it is valid 
to make contact with some field theoretical models. Using the relation 2: = |, we get 



'^'^ Aging ^ 

ij . -, ; ^ Aging r -. 

^ Aging + J- ^ Aging + J- 



_ -^^JAgmg _ ^ /,p,. 

"'Aging i i i ' ^ Aging i -. ■ ^^.LUC 



Let us examine these critical exponents against the known case for d = 1 

3 1,1 , , 

zkpz = 2 ' ^KPZ = 2 ' 'okpz = :: ■ (109) 
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These can be reproduced with the condition 

aM + 2u = -— , (110) 

which can be matched for L'^iv? = 2.444 ■ ■ ■ and aA4 = for negative z/. We choose aA4 = 
for the simple growth behavior. 



4-2.1 Negative v 

There are two independent critical exponents. One particular interesting exponent is the so 



called growth exponent b = — ^^ — ^ — |, where v = ±W (^i^) + L'^m?. We consider a 

dual field theory operator with u = —\/{^^) + L'^m?-, L'^m? <^ (^2^) • Then by expanding 
for small m, we get 



2{d + 2) 



hAging - :rT^ TT — • (HI) 



Using again a + 2; = 2 and the relation z = r, we get 





2 


'^ 1 1 L2m2 
-^ "•" 2(d+2) 


aM 
4 



"•" 2(d+2) 4 

If we further restrict our attention to the case aAi = for considering only the growth 
phenomena, we have the following dependence on the number of spatial dimensions 

Z 2Z d -\- 2 

"^ALCF ~ -TV^ ' a^LCF ~ J , n , ry , ZalCF ~ 2 , (113) 



rf + 2' --^^' ■d + 2 + Z' ^""" rf + 2 + Z 



where Z = — ^. For Z = 1.222---, these exponents match (|109|) for d = 1. The corre- 

of the figure [3} which is 



sponding roughness exponent is depicted as blue line in the left pane^ 
referred as "ALCF". To compare with other growth models |3], we also depicted the rough- 
ness exponents of the Kim-Kosterlitz model s^kk = ;^ [52| as well as Wolf-Kertesz model 

For Z = 1, we get 

1 2 d+2 , , 

&ALCF ~ -TT^ ' ^ALCF ~ 2—— , (114) 



rf + 2' ""^-^-tz + a' ^-"-^-"^ + 3' 



Our results (114) are only valid for l^w? = 2 <^ (^2^) > which is referred as "ALCF"' in the 
right panel of the figure |3j These exponents have been conjectured for growth in a restricted 
solid-on-solid model by Kim-Kosterlitz [52] [3] . 
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Roughness Exponent a(d) 



Roughness Exponent a(d) 



ALCF 





Figure 3: Left panel : plot for the roughness exponent a of ALCF for aM = and L^m^ w 2.444 • • • that 



matches KPZ exponents for d = 1 given in (109). KK represents a,KK = gr^ from Kim-Kosterlitz |52j, while 



WK awK = jpi from Wolf-Kertesz [13]. Right panel : plot for a of ALCF' for aM = and L^m^ = 2 that 



matches (114) only when L^m^ = 2 < {^Y 



4.3 Response functions with log extensions : ALCF 

We have shown in previous sections that the response functions reveal growth and aging 
behaviors without log or log^ corrections. The log and log^ corrections have been considered 
to match further details at early time region [S] [S] ■ In this section, we would like to investigate 
some more details related to those corrections based on previous results [TOj . 

4-3.1 With log extension 



Our two-time response functions with log correction are given by 

d+2 



X <^ l + RMns + lny) + i?iln[l- - . , , 

y 



(115) 



where s = ti, y = ^, z/ and aAi are free parameters, while the coefficients are given by 



Ri 



l-z/^(z/) + uln[MB] ' 
We note that the coefficients are completely fixed by two fixed parameters 

Mb = -^ , -ipijy) 



(116) 



T(u) 



(117) 
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Note that similar result for z = 2 and d = 2 has been available in [TO]. The detailed compar- 



isons between (115) and the phenomenological field theory model [8] [9] were investigated. 
We noted that the terms proportional to Ins and \ny are not considered in [S]|H], which do 
not modify qualitative features of the response functions. For this case, the analysis done in 
ITnl is still valid. 



4.3.2 With log^ extension 

We obtain the log^ extension of the response function using holographic approach 



Ciog^{s,y) = s' 



d+2 



^M_d±2^^ ^1-1 



where 



d+2 



X <^ l + i?i(lns + ln?/) + R2{\ns + \nyf 
+ [^1 + 2i?2(ln s + In y)] ln[l - -] + i?2 ln[l - -f 



Ai + 2A2 HMb] 



Ri- 

' ~ io + ii IrIMb] + M HMb? 



Ao + Ailn[7WB]+A2ln[AlB]2 
~A2 



Ai = (2z/^^ - u) , 



Ao 



(118) 



-u 



(119) 

(120) 

(121) 
(122) 



These coefficients are also completely fixed by two fixed parameters given in (117). Compared 



to C{s,y), a new parameter M.b determines the behaviors of response functions related to 
the log and log^ contributions. As we explicitly check in the figure |4| the qualitative behavior 
of the response functions does not change with the log and log^ contributions for reasonably 
small A4b- The growth exponent and aging properties are determined by the two parameters 
L'^m'^ and aAi, which define our theory. 



We would like to compare our results (118) with the following equation, which is equation 



(10) of [8] (or equation (4.3) of [9]), obtained from the phenomenological field theory model. 

-l-a' 



i?(s,y) = s-i-V^«/Mi- 

X ( ho - gi2fl^' ln[l - 



(123) 



-1 - ^M" in^[i - -] - ^21,0^' Hy - 1] + Im" lAy - 1] 



y 
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C(s,y), v<0, lW=2 



2„.2. 



C(s,y), v<0, L^m'=2 




Figure 4: Plots for C{s,y) with blue straight, Ciog{s,y) with red dashed and Ciog2{s,y) with black dot- 
dashed lines for 1/ < 0, d = 1, s = 4 and L?m? — 2. For the response functions with log corrections, we need 
one more input M.b, which we took M.b = 10"^^ for these plots. The smaller the value of A^s, the smaller 
the differences between C{s, y) and its log extensions. 



where the parameters 912,0,921,0,^',^', fo come from the logarithmic extension in the field 
theory side. From the phenomenological input [9] "the parenthesis becomes essentially con- 
stant for sufficiently large y" the condition ^' = is imposed to remove the last two terms. 



The other parameters in (123) are determined to match available data. We can identify the 



exponents a, a', Xr by comparing the equation to our result [TD] 



u = a 



aM 



z 



a . 



(124) 



CLo„2(s,y), v<0, lW=2, Mb=10-'^ 



CLo„2(s,y), v<0, L'm'=2, Mb=10 




Figure 5: Plots for Cloq^ (s, y) with black dot-dashed and C]^g"*'"^(s, y) with brown straight lines for v <0, 
d—l,s — A and i^m^ — 2. Left : Mb = 10^^^, Right : Mb = 10^^. We check that there is no qualitative 



changes due to the unwanted terms explained in ( 125 1 
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By including the log^ corrections, we provide the necessary terms i?2ln[l 



112 



as well 



as Ri ln[l 



The relative coefficients between them are fixed by (119). On the other 



118). First, we note 



hand, there exist also several unwanted terms inside the parenthesis of 

new terms i?2(lns + Iny)^ and 2i?2(lns + Iny) ln[l — -] due to log^ corrections, in addition 

to Ri{lns + Iny) coming from the log correction. All these terms might spoil the desired 



properties of the phenomenological response function (123). To examine the effects coming 



from these unwanted terms, we plot the response function with only wanted terms as 



C^,r^%s,y) 



d+2 
S 2 



aM d+2 
y 2 2 - 



1 - 



d+2 



X 



1 + Ri ln[l 



y 



y 



i?2hi[l 



y 



(125) 



We explicitly check in the figure 5 that the full response functions (118) have a qualitatively 



similar behavior compared to those (|125) with only wanted terms in the field theory approach. 



4.4 Critical exponents for z 



I and d = 1 : Aging backgrounds 



While the dynamical exponent z for the ALCF is not fixed in obtaining the correlation and 
response functions, those of the Schrodinger backgrounds crucially depend on z. In fact. 



obtaining analytic solutions of the differential equation (58) is a highly non-trivial task 



Fortunately, we are able to get response functions for z = ^ with some approximations as 



Cschr{s,y) 



s 2 ■' y 



yAi d+2 



-fy 



d+2 



-f^ 



(126) 



where s = ti, y 



^, u and aAi are free parameters. This is valid for the Aging background 



(95) as well as the Schrodinger background, a = 0, given by (65) with / = 1 for A^ — )■ and 



by (71 ) with / = 2 for Al ^ oo. 



From the two-time response functions in equation (103), we can get the growth exponent 

aM d + 2 fu 
2"' 



Aging 



4 



4 



(127) 



where v = ±-\/(^|^) + Li^m?. Now the dynamical exponent is fixed as z = | for the aging 
background. Using the relation z = ^, we get 



a- 



/ 

Aging 



3b 



Aging 



?,aM 3(rf + 2) 3/z/ 



4 



(128) 



The critical exponents for the KPZ universality class given in (109) can be reproduced 
with the condition 

13 
"Y' 



aM + 2/z/ 



(129) 
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which can be matched for aAi ~ and L'^m'^ 



for negative u. The value of 



Lm for / = 2 becomes negative, yet is allowed as we can see from the expression of u. 



5 Conclusion 

We have extended our geometric realizations of aging symmetry in several different ways 
based on previous works ioi z = 2 and d = 2 [in][l2]- First, we generalize our correlation 
and response functions to the non-conformal setup with general dynamical exponent z and 
for arbitrary spatial dimensions d. They have Galilean symmetries with time translation 



symmetry, which are summarized in the equations (14), (65) and (71). For convenience, we 



reproduce equation (|14|) here 

(0*(X2)0(X1)) 



Til 



y 



Ld+^Mi+^ 



o{h)e{h 



T(u)T( 



7i2'^-^ui+^-^'' 



u)'r2-^u-^— (t^-t. 



d+2 



■ exp 



M{X2 — XiY 

2(t2-ti) 



(130) 



which is valid for general z and d. Second, these are extended with log and log^ corrections 
with appropriate bulk actions. Practically, these corrections can be computed using simple 



properties of the differential operators (18), (59) and their commutation relations (23). The 



results are listed in (29), (49) for ALCF, (67), (68) for Schrodinger backgrounds. All these 



response functions have time translation invariance. 

Third, on top of these extensions, we also compute response functions with aging symme- 
try, by breaking the global time translation invariance using a singular coordinate transfor- 



mation (79). We check the general relation between the aging response functions and those 



of Schrodinger backgrounds holds (96) 



zA 



{<t>* {,X2)<p{Xi)YAyi^g 



(0*(a;2)0(a;i)) 



z,d 
Schr ■ 



(131) 



This generalization is independent of the logarithmic extensions. 

With these results, we investigate our two-time response functions for general z and 



especially for arbitrary number of spatial dimensions d with log and log^ extensions (118) 



_d+2_ _a^M_d+2_ 

S ^ V -^ -^ \ I 



d + 2 



1 + ... 



(132) 



where ■ ■ ■ represent various contributions from the log and log^ extensions. From the sys- 
tematic analysis, we have found that our two-time response functions reveal a power-law 
scaling behavior at early time region, which is distinct from another power-law scaling at 
late time region. This can be explicitly checked in the figure |2} The early time power scaling 
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behaviors are governed by the scahng dimensions of the dual field theory operators. In par- 
ticular, their growth and aging is determined by the sign of the parameter L'^m?. The late 
time behaviors are modified by aM.^ the aging parameter. If a = 0, the initial behaviors 
persist without change, which is expected due to its time translation invariance. The turning 
point between these two time regions is marked by the waiting time s = ti. The log and 
log^ corrections provide further modifications that would match detailed data by turning 
available parameters. 

Let us conclude with some observations and future directions toward holographic real- 
izations of KPZ universality class. Our generalizations of the holographic response functions 
to general z and d open up some possibilities to have contact with the higher dimensional 



growth and aging phenomena. We have done the first attempt to do so in ^4.2 We make 



some contacts with Kim-Kosterlitz model [52] at higher spatial dimensions with an assump- 



tions (107) for some particular dual scalar operators. Although it is not perfect, we consider 
this as a promising sign for the future developments along the line. 

We mention two pressing questions we would like to answer in a near future. Our holo- 
graphic model is an infinite system, and thus obtaining the roughness exponent a is rather 
challenging. Progresses on this point will provide a big step toward realizing holographic 



KPZ class. Assumption (107) is well understood in the field theoretical models [3]. There 
Galilean invariance was a crucial ingredient, which is also important in our holographic 
model. Verifying this relation would be an important future challenge. 
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